In this paper, we show that free genus one knots do not admit essential tangle decompositions.
Introduction
It is a fundamental property of knots depending on the knot types whether knots admit essential tangle decompositions. There are many classes of knots which do not admit essential tangle decompositions; torus knots, 2-bridge knots, Montesinos knots with length three ( [12] ), knots whose exteriors do not contain essential closed surfaces ( [2] ), knots whose double branched covers are irreducible non-sufficiently large 3-manifolds (see Theorem 3.1 in Section 3, also c.f. [1] ), tunnel number one knots ( [4] ), ..., and so on.
In paticular, it should be noted that Gordon and Reid showed that tunnel number one knots do not admit essential tangle decompositions ( [4] ). Here, tunnel number one knots are defined as knots whose exteriors admit genus two Heegaard splittings. From this result, the authors think that a reason why tunnel number one knots do not admit essential tangle decompositions is derived from the property 'genus two Heegaard splittings', and surmised that by a similar reason, free genus one knots do not either admit essential tangle decompositions. In this paper, we shall report that we have got the desired result. This result is useful to judge whether the free genus of a given knot is one. Further, we remark that the set of tunnel number one knots is not the same to the set of free genus one knots. For example, the torus knot of type (2, 5) has tunnel number one, but its free genus is two. On the other hand, the Montesinos knot M (0; (3, 1), (3, 1), (3, 1) ) has free genus one, but its tunnel number is two ( [10] ). Here, we note also that any free genus one knot has tunnel number at most two.
Thompson discovered a fundamental relation among essential tangle decompositions, bridge positions and thin positions of a knot ( [14] ). This result states that for any knot, a thin position of the knot is also a bridge position, or the knot admits an essential tangle decomposition. Therefore, by combining our result with Thompson's result, we see that a thin position of any free genus one knot is also a bridge position. In this relation, we know that if a thin position of a knot is not a bridge position, then the exterior of the knot contains an incompressible and non ∂-parallel closed surfaces, and the double cover of the knot is reducible or sufficiently large. However, there are free genus one knots whose exteriors contain incompressible and non ∂-parallel closed surfaces, and whose double covers are sufficiently large ( [3] , [13] ).
To state our result, we prepare some terms. For a knot K in the 3-sphere S 3 , the free genus of K is the minimal genus over all Seifert surfaces for K whose complements have free fundamental group ( [6] , [8] 
Theorem. Free genus one knots are n-string prime for all n.
As in [4] , we say that K is tangle composite if K admits an essential n-string tangle decomposition for some n.
Remark. There are tangle composite genus one knots. For example, any doubled knot of a tangle composite knot is tangle composite and has genus one (c.f. [7] ).
Proof of Theorem
Let K be a free genus one knot in S 3 and F a genus one free Seifert surface for K.
Suppose that K admits an essential n-string tangle decomposition (B 1 , t 1 )∪ S (B 2 , t 2 ) and choose it so that n is minimal. We may assume that F ∩ S consists of loops and arcs, and assume that |F ∩ S| is minimal over all Seifert surfaces isotopic rel.K to F and all tangle decomposing spheres isotopic rel. 
and Figure 2 . Then V 2 is a genus two handlebody, and choose a complete meridian disk system
) and the minimality of |F ∩ S| and
consists 
In the case (i), suppose without loss of generality that α is of type (µ
Then by isotoping S so that N (α; S) passes throughẼ and acrossesβ, we can reduce |F ∩ S|. This contradicts the minimality of |F ∩ S|.
In the case (ii), the disk E implies that
In the case (iii), suppose without loss of generality that α is of type (µ
). Then we can construct a simple closed curve γ in S from α so that γ intersects µ 1 in a single point. This contradicts the Jordan curve theorem.
In the case (iv), suppose without loss of generality that α is of type (ν * 1 , ν * 1 ) and E is contained in B 1 . Deform E in B 1 by an isotopy so that E ∩ F = ∂E ∩ ∂F is a component, say t 11 , of t 1 , and
In the case (v), suppose without loss of generality that α is of type (ν * 1 , µ . Let E be a properly embedded disk in B 1 which is obtained from the disk E ∪ A ∪ (ν 1 × I) by isotoping rel.K it slightly so that E intersects F in an arc that is parallel to ν 1 in F .
Let (B 11 , t 11 ) and (B 12 , t 12 ) be the tangles divided by E from (B 1 , t 1 ), and put D i = cl(∂B 1i − E ) (i = 1, 2). Without loss of generality, we may assume that
In the residuum of this section, we will show that (B 11 , t 11 ) ∪ (C, s) is an essential n (< n)-string tangle decomposition of K, and this will lead us to a contradiction for the minimality of |S ∩ K|.
± be a disk in S which is bounded by µ ± 1 and disjoint from µ ∓ 1 , and let G * be a disk which is cut off from G + by α and disjoint from ν * 1 . Then it suffices for the proof to show that |(G
. This shows that F is compressible in S 3 , and contradicts that K is free genus one. Hence 
In the case (i), G extends to a ∂-compressing disk for cl(
In the case (ii), let A be an annulus in F cobounded by µ j and µ j+1 . By the incompressibility of F 1 − t 11 in B 11 − t 11 , both µ j and µ j+1 do not bound a disk in ∂B 1 − t 11 . Then the disk obtained from A and G by cutting A along α and pasting two parallel copies of G becomes a compressing disk for cl(∂B 1 − N (K)) in cl(B 1 − N (t 1 )), a contradiction.
In the case (iii), let U be an annulus component of F 1 on which α lies. Since α is essential on U − U ∩ t 1 , we can deform G by an isotopy so that G ∩ U = α ∩ U = U ∩ t 1 . Then G becomes a ∂-compressing disk for cl(∂B 1 − t 1 ) in cl(B 1 − N (t 1 )), a contradiction.
In the case (iv), let U be an annulus component of F 1 on which α lies. Then the disk obtained from U and G by cutting U along α and pasting two parallel copies of G becomes a ∂-compresing disk for cl(∂B 1 − N (t 1 )) in cl(B 1 − N (t 1 )), a contradiction.
Next suppose that β ∩ (F 1 ∩ E ) = ∅. Since F 1 ∩ E is an arc, we may assume that β ∩ E is an arc which connects a point on int(F 1 ∩ E ) and a point on ∂E . By the construction of E , we can extend G to the disk G so that G ∩ F 1 = ∂G ∩ (F 1 − t 1 ) 
